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An Improved Mach-Box Approach for
Supersonic Oscillatory Pressures

Richard R. Chipman*
Grumman Aerospace Corporation, Bethpage, N. Y.

An analytical refinement of the Mach-box approach has been developed which provides greatly improved
supersonic oscillatory pressure distributions with almost no increase in computer time over that required by the
original formulation. The refinement consists, in part, of applying physically justifiable weighting factors to the
terms of the aerodynamic influence coefficient matrix. Unlike approaches that employ curve smoothing to
eliminate the erratic undulations in computed pressures obtained by the basic method, the present analysis
produces well-behaved pressure distributions while retaining essential flow discontinuities. Furthermore, the
present method is more cost-effective than approaches relying on refinements in the aerodynamic grid to obtain
comparable improvements in the calculated pressures.

Nomenclature*
A =area of an aerodynamic element or box

representing part of a lifting surface or diaphragm
b = stream wise dimension of a box, or semispan of a

wing if indicated
c = local chord
c = mean chord
c, = local lift coefficient
CL = total lift coefficient
Cj = influence coefficient relating the pressure at a point

due to a unit downward over they'th box
CMN = influence coefficient relating the pressure at a type

M point due to a unit downwash over a type TV box,
where M and AT may be W, D, WS, or DS

ACP = amplitude of the lifting pressure at a point
ACP >M = amplitude of the lifting pressure at a type M point
k = reduced frequency = bu/U
k — transformed reduced frequency = ( M//3 ) 2 k
M =Mach number ___________
R = hyperbolic radius =V7*-f)2 -02 0>-Tj) 2

R = transformed hyperbolic radius =
V(f-f) 2 - ( / - r / ) 2

5 =area of integration bounded by the forward-facing
Mach cone emanating from .(x,y) and by either the
planform leading edge or the most forward
rearward-facing cone emanating from the plan-
form apex, whichever is most forward

/ =time
U = freestream velocity
W — amplitude of the downwash
WM = amplitude of the downwash over a type M box
x,y,z = stream wise, lateral , and vertical coordinates
x,y = defined in Eq. (4)
[AIC] = aerodynamic influence coefficient matrix
6 = aspect ratio
a = angle ofattac k

= stream wise and lateral dummy variables
= defined in Eq. (4)
= sweep angle of planform leading edge
= perturbation velocity potential

= radial frequency of oscillation of the surface
displacement and, hence, of the downwash and
pressure distributions

Presented at the AIAA/ASME/SAE 17th Structures, Structural
Dynamics, and Materials Conference, King of Prussia, Pa., May 5-7,
1976 (in bound volume of Conference papers, no paper number);
submitted May 7, 1976; revision received April 27, 1977.

Index categories: Nonsteady Aerodynamics; Supersonic and
Hypersonic Flow.

*Senior Aeroelasticity Engineer. Member AIAA.

Subscripts
D
DS
W
WS

j

= diaphragm box
= diaphragm portion of a shared box
= lifting surface (wing) box
= surface portion of a shared box
= box index

Introduction

S INCE its initial development by Pines et al., l the pressure
influence coefficient (PIC) method, when implemented

with a box approach, has been the most widely employed
technique for the computation of oscillatory aerodynamic
loads for inviscid supersonic flow. The kernel function
techniques of Watkins and Berman2 and Cunningham3 are
less general, require user knowledge of the characteristics of
the solution, and consequently have received less usage. Other
recently developed approaches, such as Brock and Griffin's
supersonic doublet-lattice method4 and Giesing and Kalman's
finite-element doubled method,5 possess great generality and
will be invaluable, when extended, in treating complex wing-
body configurations; however, they require significantly more
computing time than the PIC box method.

Because usage of the PIC box approach has been and will
continue to be substantial, it is appropriate to attempt to
remedy one conspicuous shortcoming, namely, the erratic
undulations in the computed pressures that have plagued this
method since its inception. In fact, were it not true that the
basic method produces useable generalized force for
elementary mode shapes regardless of the erratic pressure
distributions, development and use of this method certainly
would have been abandoned. The present paper describes and
demonstrates a method of modifying the Mach-box approach
to produce well-behaved pressures without sacrificing its basic
computational efficiency. Previous efforts at achieving the
same improvement also are discussed.

Theory
Basic Linearized Supersonic Theory

The linearized perturbation potential equation for
supersonic flow is

(l-M2)(j>xx+(l>yy+<t>z,-(2M2/U)<}>xt-(M2/U2)<t>tt=0
(D



888 R.R.CHIPMAN J. AIRCRAFT

Supersonic flow over a thin lifting surface at small incidence
must satisfy this equation and the boundary condition ob-
tained by assuming that the flow is tangential to the in-
stantaneous position of the surface. For a planar surface
undergoing small harmonic oscillations at a radial frequency
co, the solution of Eq. (1) can be shown6 to be

>, 0 =

(2)

Using the linearized expression for the local differential (or
lifting) pressure coefficient AC>, the complex amplitude of
the pressure coefficient can be expressed as

W
(3)

Using this equation, the pressure can be determined at any
point in the plane of the planform once the downwash has
been specified over S.

The downwash is determined at all points on the planform;
but, since region S also includes, in general, points not on the
planform, an additional relationship must be used to
determine the downwash at such points. Evvard7 named the
region comprised of these points the "diaphragm" and
recognized that the required extra relationship is that the
differential pressure in this region must be identically zero.
Because this is so, Eq. (3), with its left-hand side set to zero,
may be applied at such points and solved inversely for the
required downwash distribution. More will be said about this
scheme below.

Mach-Box Technique
Because of its complexity, the integral in Eq. (3) cannot be

evaluated analytically but must be treated numerically.
Following the basic approach of Pines et al.,1 the given
planform is divided into small rectangular boxes, as shown in
Fig. 1. Using the modifications of Zartarian and Zsu,8 the
boxes are sized such that their diagonals are aligned with the
Mach lines. Then the boxes are converted to squares by the
coordinate transformations

x=x/b Z = Z/b

y = (3y/b rj = Prj/b (4)

A critical simplification now is made by assuming that the
downwash is constant over each of these "Mach boxes." With
this simplification, Eq. (3) becomes

kRr r ,£,. p, kR drjJ]s/ -*(*-«). cos-- -j-

or

(5)

(6)

Two methods classically have been used to perform the
complex integration over the box area. The first, developed in
Ref. 1, uses a mean value of the exponential and cosine terms
when a box is far removed from the point (x,y) and a series
expansion up to k2 when a box is close. Although these ap-
proximations simplify the integration, they introduce
significant errors when the reduced frequency k is high. For a
more exact evaluation, a second method, a Bessel function
series representation of the integral, is presented in Ref. 8.

The method used in the current work is different from both
of these methods in that weighted Gaussian quadrature (Ref.
9, p. 327 ff.) is used to evaluate the integral. With this
technique, singularities that occur in the integrand when the
box area is cut or touched by the inverse Mach cone
emanating from the point (x,y) can be accounted for ac-
curately.

Equations (5) and (6) imply that, at a given Mach number
and reduced frequency, the pressure influence coefficients are
functions of only the separation, in units of box width,
between the sending and receiving box centers in the
stream wise and lateral directions (denoted, say, by / and m,
respectively). Consequently, influence coefficients need be
computed only once for each admissable l,m pair (/>0, 0<
m<l) and can be summed appropriately via Eq. (6) when
needed.
Treatment of Subsonic Edges (Original Method)

The pressure on any box is a function of the downwash of
only those boxes within the inverse Mach cone emanating
from its box center. For a surface, the edges of which are all
supersonic, the pressure is, furthermore, influenced only by
boxes on the planform. If any of the surface edges are sub-
sonic, however, there are regions adjacent to these edges
which do affect the pressure on some areas of the planform.
To account for this effect, the concept of a permeable
"diaphragm" is introduced as discussed previously. This
permeable sheet is bounded by the surface edge and the Mach
lines emanating from the corners of the lifting surface and is
represented by boxes in the same manner as the wing (Fig. 1).
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Fig. 1 Mach-box idealization for a delta wing at M— V2.
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Fig. 2 Chord wise pressure distribution at a station on an aspect-
ratio-2 delta wing at steady-state angle of attack.
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In the original approaches of Refs. 1 and 8, boxes cut by the
planform leading edge are designated as either wing or
diaphragm boxes, depending on whether or not the box center
lies on or off the wing. The relationship between the pressure
coefficients and the downwash of the boxes on the combined
wing and diaphragm can be written as

\PWD\
[CDD]

(7)

Since the pressure on any diaphragm box is zero, the unknown
diaphragm downwash can be evaluated by

= -[CDD]-![CDW}\ww} (8)

Substituting this result into Eq. (7) yields the final expression
for the pressures on the wing boxes:

(9)= [AIC](HV)

When this formulation is used, the irregularity of the
leading-edge representation leads to erratic pressure
distributions. In Fig. 2, the open circles show pressures
computed by the foregoing method for the delta wing shown
in Fig. 1 at angle of attack. The results fluctuate greatly about
the exact conical-flow solution.

planform and on the diaphragm, respectively. This method,
when used together with the smoothing technique, does rid the
pressure distribution of oscillations, but, as mentioned
previously, the smoothing process introduces other accuracy
problems. Another area-weighting scheme was used by Li,18

but, since computed pressure distributions do not seem to
have been published, an assessment of its success is not
available.
Present Method

The method employs Li's and Andrew's concept of area-
weighted wing and diaphragm boxes but does not average
them and does not employ smoothing; furthermore, the
pressures are computed directly (analytically), not by dif-
ferencing. In this method, any box that is crossed by a
planform edge is considered to consist of two identical
overlapping boxes, one being treated as if it were on the
planform and the other as if it were on the diaphragm. The
pressures, downwashes, and influence coefficients for such
boxes will be denoted by the subscripts WS (wing, shared) and
DS (diaphragm, shared) in what follows.

Next, since the area of the planform encaptured by a box
WSj is only a fraction, A ws. I A, of the full box area (see Fig.
3a), the contribution to the pressure at any other box due to a
signal originating from this box should be scaled by roughly
this ratio. Similarly, signals from a box DSj should be ratioed
by

ADS./A=1-AWS./A

Incorporating these ideas, Eq. (7) becomes

r *CP,W ^
LCp.ws

ACp,DS

I ACP,D J

1
1

[CVsH/] ! [^^5^5]- f"v4 ̂ sJ ^ [^PFSD]
i

[CDSW] ! ^ [C'DSDS!* t^DsJ [̂ DSD!ii
[CDH/] ! 0 [CDDS ] ' f^ DS-J [VDD]

' w^
W'̂ s

^Os

Uo

Alternate Methods
Various techniques have been attempted to reduce these

fluctuations in the pressure distributions. For example, some
improvement can be obtained first by solving Eq. (2) for the
velocity potential using the box approach and then per-
forming stream wise differentiation by a numerical dif-
ferencing scheme to obtain the pressures. Optionally, the
velocity potential can be smoothed (by a least-square fit, for
example) before the numerical differentiation is performed.
Both Andrew and Moore10 and li11'17 have employed these
techniques; but, as li points out, the smoothing method can
lead to significant error for complex modes and high reduced
frequencies. Not mentioned by li, but equally important, is
the fact that smoothing will tend to eliminate theoretically
correct pressure discontinuities that can occur in supersonic
flow.

If one is willing to sacrifice computational speed, a grid-
refinement method, in which a finer-box grid is used to model
signal-sending regions than is used to define signal-receiving
points, can be employed. Whereas a simple refinement of
both sending and receiving boxes does not reduce the am-
plitude of the fluctuations, the refinement of only the sending
boxes has proven to lead to a much smoother pressure
distribution.H Since influence coefficients must be computed
for every combination of streamwise and lateral separation
(l,m), the use of this or any grid-refinement scheme greatly
increased the computational time required; hence, this ap-
proach becomes very costly for routine calculations.

Suggested in Ref. 10 is a technique to compute the source
^strength on each leading-edge box as the weighted average of
the value it would assume if it were completely on the surface
and that value it would assume if it were completely in the
diaphragm. The weighting factors are the box areas on the

(10)

where the factors of I / A are omitted, since the area of a full
box in the transformed Mach-box system is identically unity.

The zero submatrices in the influence coefficient array are
necessary to permit realistic nonzero pressures on the shared
boxes. For example, consider the apex box of a wing with
subsonic edges. No other box on the surface affects this box,
since all others are downstream. Therefore, if the indicated
submatrices were not zero, the portion of Eq. (10) pertaining
to the apex box would read

0

CnA} \Cnd-A,)

C,,A, \CII(1-AI) ^n
(11)

and, hence, the pressure on the box would be

ACP/ = C [A i WWl + ( 1 -A , ) WD] ]

(12)

On the other hand, in the present method the two off-
diagonal coefficients in Eq. (11) are zero, and the pressure
ACP/ becomes that of a nonshared surface box .

Analogous to Eq. (7), Eq. (10) is solved first for ( WDS } and
I WD] by setting |ACP)DS) and {ACP)D) =0. This yields an
equation comparable to Eq. (8). Then a final expression for
the pressures on the surface is obtained comparable to Eq. (9).
It should be noted that

[C osw]AC WSD\

because the shared box WSt is located coincident with the box
DSj. Consequently, no additional influence coefficients must
be computed; those obtained for the basic method are used
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Fig. 4 Variation of pressure fluctuations with grid density.

with at most an area ratio to be applied. Hence, the com-
putational time is increased only slightly.

In the case where all planform edges are supersonic, no
diaphragm exists, and Eq. (10) reduces to

A small change in the preceding formulation has been
found to improve the smoothness slightly. The modification
consists of not including the area weights on the diaphragm
boxes. Equation (10) then becomes

0 ! [CVD]

0

*cp,w
KVs^sl • F~?4 n/sJ

(13)
Since the area of the planform covered by each leading-edge
box is still only a fraction of a full box area, the scaling is
retained in this case as well, and such boxes still are denoted
by the subscript WS even though they are not "shared" with a
diaphragm box.

Results obtained by the preceding formulation require some
interpretation. Because of the jagged representation of the
leading edge, the centers of some shared boxes may lie
physically ahead of the true planform (see Fig. 3a); yet,
nonzero pressures are computed for such boxes. This is ac-
ceptable, since the calculated pressure coefficient ACPtWS is
applied over the entire box area, and, certainly, the pressure
over AWS is nonzero. Now, if the force ACPtws'A is applied
to only the correct area A ws, the true pressure coefficient for
that area would be (&CP>Ws'A)/AWs or» since A = l,
&>Cp,ws/Aws- However, since the contribution from such
shared boxes to the generalized force is given by

(14)
the pressures computed by Eq. (10) rather than the weighted
values actually are used in the computer program.

In Fig. 2, the pressure distribution computed by the
preceding formulation, with the weighting factor \/Aws
applied to the leading-edge boxes, is indicated by the solid
circles. A substantial improvement is apparent over the entire
chord.

0

0

\ [CDSDS] ! [CDSD]

i [CDDS] : ICDD] .

(15)

One additional set of refinements is necessary to handle
trailing edges properly. On an average, a box cut by a trailing
edge will have 50% of its area on the wing and 50% behind
the wing. For such a case, when the edge is supersonic, the
inverse Mach cone from a point at the center of the box en-
compasses the same wing area, A/4, as does any upstream
whole wing box (see Fig. 3b). Furthermore, for a trailing-edge
box, the influence of a box on itself is almost the only
significant consideration, whereas, for any other type of box,
the effect of that box on other aft boxes also is significant.
Therefore, for a shared box on a supersonic trailing edge, the
area ratio used elsewhere is not applied; i.e., the influence
coefficient is Cwsws, not CWSws 'A ws-

The case of a box on a subsonic trailing edge is only slightly
different (see Fig. 3c). The wing area encompassed by the
inverse Mach cone is still generally a much larger percentage
of the total Mach cone area than is indicated by the value of
Aws. Therefore, in this case also the influence coefficient is
not scaled.

It should be noted that, when the factor Aws is omitted
from the influence-coefficient calculation, the reciprocal
factor \/Aws is omitted from the pressure calculation.
However, the generalized-force contribution for a trailing-
edge box still is scaled by the factor A ws.

The computations previously shown (Fig. 2) were for
planforms with supersonic trailing edges and were made
including the foregoing refinements. Demonstrations for a
subsonic trailing edge are presented later.
Grid Selection

Although use of the present method greatly reduces the
oscillations in the pressure distributions which were apparent
in the basic method, some fluctuations do remain. The use of
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Fig. 5 Chordwise pressure distribution for a two-dimensional un-
swept wing oscillating in pitch at k = 0.99.
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Fig. 6 Spanwise lift distribution in the tip region of a rectangular
wing oscillating in pitch.

a finer grid is, of course, no panacea for this problem and, in
fact, can worsen the computations. Figure 4 shows the
pressure distribution at a spanwise station on the previously
treated aspect-ratio-2 delta wing for various grid densities.
Some improvement is realized by increasing the number of
boxes from 80 to 200 on the planform (17 to 24 on the chord),
but the fluctuations grow noticeably larger in going from 200
to 800 boxes on the planform. Hence, some ''tuning" should
be performed to select the proper grid density for a particular
planform.

Results
To evaluate further the present method's accuracy,

pressures were computed on several planforms for both
steady and oscillatory conditions. The results are compared
with available exact solutions or with the results of other
theoretical methods.

0 0.2 0.4 0.6 0.8 1.0 0 0.2 0.4 0.6 0.8 1.0
Y/b y/b

Fig. 7 Spanwise pressure distributions at midchord of delta wing, /R
= 4, at steady-state angle of attack.

Fig. 8 Total l i f t coefficient on delta wing, ^ = 4, at steady-state
angle of attack.

Figure 5 presents pressures inboard of the tip effect on a
high-aspect-ratio rectangular wing at M=1.2 oscillating in
pitch about its leading edge at a reduced frequency of
A-= 0.99. As expected for this simple case, agreement between
results of the present method and the exact two-dimensional
solution is excellent. For this wing pitching about its mid-
chord at k = Q.6 and A/=1.5, Fig. 6 presents the spanwise
loading near the wingtip. Correlation with an expansion
solution l2 is good and improves slightly with the use of a finer
grid.

For an aspect-ratio-4 delta wing at a steady-state angle of
attack, pressures were computed over a range of Mach
numbers, such that 0 cosA varied from 0.4 to 1.4. The
resulting spanwise lift distributions and the total lift coef-
ficients are compared in Figs. 7 and 8 with the exact conical
flow solutions.13 Although agreement is good in all cases, it is
worse at the lowest Mach number. Since this case corresponds
to a Mach number (1.077) below the generally accepted limits
of applicability of linearized aerodynamics, this failing is not
considered serious.

For a 60 deg swept delta wing at M- 1.436 pitching about
its root midchord at a reduced frequency of 0.74, Fig. 9



&92 R. R. CHIPMAN J. AIRCRAFT

——— REAL I EXPANSION
——— IMAGINARY) SOLUTION. REF. 14

O REAL J
A IMAGINARY ) PRESENT METHOD

20 40 60 80 100
___ PERCENT CHORD

Fig. 9 Chord wise pressure distributions at two stations on a 60 deg
swept delta wing oscillating in pitch.
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Fig. 10 Spanwise pressure distribution on cropped double-delta wing
at steady-state angle of attack.

compares computed pressure at two spanwise stations with
solutions from Ref. 14. Results compare favorably, although
the imaginary part of the pressures calculated at the outboard
station are predicting at a somewhat more forward center of
pressure than is appropriate.

Computations also were performed on a more complex
planform, namely, a cropped double-delta wing at a steady-
state angle of attack at M= 1.414. Resultant pressure
distributions are compared in Fig. 10 with the exact solution
of Ref. 15. Agreement is excellent except near the tip.
Discontinuities are computed but are somewhat less
pronounced than the exact theory predicts. In Fig. 11, the
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Fig. 11 Spanwise loading on cropped double-delta wing at steady-
state angle of attack.
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Fig. 12 Spanwise pressure distributions on cropped double-delta
wing oscillating in pitch.

spanwise loading for this case is presented and compared with
the exact solution and the finite-element solution of Ref. 5.
Correlation is good, although the present method is slightly
low in its lift prediction over the middle of the wing. It is
interesting to note that both the present method and Ref. 5
predict a slope discontinuity caused by the leading-edge
crank, as well as one caused by the tip effects, whereas Ref. 15
does not. Since such a discontinuity and a resultant higher lift
on the inboard panel is physically logical, it would appear that
Ref. 15 is in error.

In Fig. 12, pressures are shown for the same cropped
double-delta wing oscillating in pitch about the root midchord
at £ = 0.75. In the absence of an exact solution for this case,
the comparisons are made with Ref. 5. Correlation is good
except along the aftmost spanwise station (jc = 0.9). Since
some irregularities in the solution for this station are
acknowledged in Ref. 5, the accuracy of the present method
cannot be assessed accurately here; however, the pressures
from the Mach-box approach do appear well behaved here
except at the very tip.

Finally, computations are presented in Fig. 13 for a swept
rectangular wing at angle of attack. For the chosen com-
bination of M, A, and A, the wing has a subsonic trailing
edge. Comparisons are made with theoretical pressure
distributions from Ref. 13. Whereas correlation near the
trailing edge is good for regions inboard of the tip Mach-line
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Fig. 13 Chordwise pressure distributions for swept rectangular wing
at steady-state angle of attack.

reflection, it noticeably worsens outboard of this. The
program does appear to predict the discontinuities that occur
in the outboard regions but is unable to capture properly the
more detailed features of the pressure distribution there.
Also, the program somewhat overpredicts the pressure
reversal due to the tip effect.

To illustrate the computational efficiency of the method,
CPU times for various analyses on the IBM 370/168 under the
VS operating system were recorded. Figure 14 presents the
results in the form of CPU time as a function of the total
number of boxes, planform and diaphragm, used to perform
the analyses of the various surfaces. Each point is for one
Mach number and one reduced frequency; each different
symbol is for a different type of wing. As can be seen, for any
reasonable modeling, the time is under 1 min/calculation. For
typical calculations on a simple planform (e.g., cropped delta
or swept tapered), times of the order of 0.15 min are to be
expected.

Conclusions
The improvements to the Mach-box method of computing

oscillatory aerodynamic influence coefficients presented in
this paper result in realistic pressures that are much less erratic
than those computed by the standard approach. Since the
approach does not rely on function smoothing, it retains
essential discontinuities in the pressure distributions. Fur-
thermore, the method requires very little additional computer
time and, hence, retains the cost-effectiveness of the standard
Mach-box approach.

The method was applied to several standard test con-
figurations, such as rectangular and delta wings both at a
steady-state angle of attack and in oscillation. Correlation
between computed pressures and lift distributions with
available theoretical and other solutions was excellent in most
cases. The method was shown to handle both subsonic and
supersonic trailing edges correctly. Tip effects, however, seem
to present some problems to the program on the more
conipiex configurations. Reference 4 suggests that either a
very fine grid be used near a side edge or that the square-root
singularity of the diaphragm downwash near this tip be ex-
plicitly included in the formulation. This later refinement was
shown in Ref. 16 to be successful for simple planforms when
appljed to a characteristic box formulation. Future in-
corporation of this refinement into the current approach is

NOTE: DIFFERENT SYMBOLS
REPRESENT DIFFERENT
CONFIGURATIONS

200 400 600 800 1000 1200 1400
TOTAL BOXES PLANFORM & DIAPHRAGM

Fig. 14 IBM 370/168 machine time as a function of number of boxes
used in a Mach-box analysis for one Mach number and one reduced
frequency.

recommended, since it is our experience that simply using a
finer grid is no solution for the problem.
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